We present the results of a Monte Carlo study of the three-dimensional anti-ferromagnetic 3-state Potts model. We compute various cumulants in the neighbourhood of the critical coupling. The comparison of the results with a recent high statistics study of the 3D XY model strongly supports the hypothesis that both models belong to the same universality class. From our numerical data of the anti-ferromagnetic 3-state Potts model we obtain for the critical coupling K c = 0.81563(3), and for the static critical exponents γ/ν = 1.973(9) and ν = 0.664(4).
I. INTRODUCTION
Restoration of symmetries plays a crucial role in lattice field theory. The Euclidean invariance is broken by the lattice. In order to recover the continuum field theory, the Euclidean symmetry has to be restored in the critical limit of the lattice theory [1] .
Symmetries of the spin-manifold might also be enhanced: the Hamiltonian of the discrete Gaussian model has only Z symmetry, while for sufficiently high temperature the renormalization group fixed point of the 2D system is Gaussian, possessing R invariance [2] .
In a similar fashion the 3D anti-ferromagnetic (AF) 3-state Potts model is believed to restore U(1) symmetry at the critical point. Banavar, Grest and Jasnow [3] conjectured, based on ǫ-expansion and Monte Carlo simulations, that the AF 3-state Potts model in three dimensions undergoes a second-order phase transition and that it shares the universality class with the O(2) vector model. They expect an analogous result for the AF 4-state Potts model, sharing universality with the O(3) vector model. Hoppe and Hirst [4] concluded from their Monte Carlo simulation that the AF 5-state Potts model still has a second-order phase transition, while the AF 6-state Potts model does not undergo a phase transition at all.
A different point of view is taken by Ono [5] , who claims to find a Kosterlitz-Thouless phase transition for the 3D AF 3-state Potts model. Ueno et al. [6] read from their Monte Carlo data that the 3D AF 3-state Potts model exhibits a second-order phase transition but with critical exponents different from the O(N)-invariant universality.
Wang et al. [7] later simulated the 3D AF 3-state Potts model using the cluster algorithm and found critical exponents in reasonable agreement with those of the 3D XY model obtained by field theoretical methods [8] [9] [10] .
In order to clarify this issue we simulated the 3D AF 3-state Potts model using the single cluster algorithm proposed by Wang et al. [7] , with high statistics.
Privman et al. [11] pointed out that, in addition to critical exponents, universality classes are characterized by critical amplitudes. In a numerical study, their values can be obtained more accurately than those of critical exponents; hence we determined carefully various cumulants at the critical point [12] . It turned out to be crucial to use an appropriate order parameter, that allows us to detect the restoration of the U(1)-symmetry at criticality. This paper is organized as follows. In section 2 we discuss various choices of order parameters and give definitions of quantities we are measuring. In section 3 we discuss our numerical results. We give a comparison of our results with previous studies of the 3D AF 3-state Potts model and 3D XY model in section 4. Finally section 5 contains our conclusions.
II. ORDER PARAMETER AND CUMULANTS
The 3-state Potts model in three dimensions is defined by the partition function
where the summation is taken over all nearest neighbour pairs of sites i and j on a simple cubic lattice Λ and K = J k b T is the reduced inverse temperature. The 3-state Potts model can be transformed into the Z 3 clock model
where Z 0 = exp(− 1 3 KDV ) with V being the volume of the lattice and K = 2 3 K. In the following we will consider anti-ferromagnetic interactions J < 0.
For the definition of an order parameter we map the anti-ferromagnetic model onto a ferromagnetic one. Therefore we subdivide the simple cubic lattice into two sub-lattices Λ a and Λ b in checker-board fashion, and obtain a positive sign of the coupling by redefining the spins on one of the sub-lattices
Hence we obtain for the magnetization of the ferromagnetic redefined model
Note that this definition of the magnetization is the same as the one given by Ono [5] . Wang et al. [7] used a variant choice of the order parameter. They define 5) where µ takes the values 1, 2, 3 and the order parameter is given by
It is not obvious how the restoration of the U(1) symmetry can be detected using this order parameter, hence in the following we only consider M . The energy density E of the model is given by
The magnetic susceptibility χ gives the reaction of the magnetization to an external field. In the high temperature phase one gets
since M = 0. At the critical point the susceptibility diverges as
where ν is the critical exponent of the correlation length and γ the critical exponent of the susceptibility.
We studied the fourth-order cumulant of the magnetization
In addition we consider the magnetization on sub-blocks of size L/2. We computed the fourth order cumulants defined on these sub-blocks and a normalized nearest-neighbour product
where I and J are nearest-neighbour-blocks. At the critical point the cumulants should converge to a universal fixed point. This property is used to determine the critical coupling [13] .
III. NUMERICAL RESULTS
In the present work we employ the single cluster algorithm proposed by Wang et al. [7] . In the ferromagnetic Z 3 parametrization of eq.(2.3) this algorithm can be understood as the single cluster algorithm introduced by Wolff [14] , with the reflection planes restricted by the Z 3 symmetry.
On lattices of the size L = 4, 8, 16, 32 and 64 we have performed simulations at K 0 = 0.8157, which is the estimate for the critical coupling obtained in ref. [7] . We performed N measurements taken every N 0 update steps. We have chosen N 0 such that on average the lattice is updated approximately twice for one measurement. The results of the runs are summarized in Table I .
A. Critical coupling
First we determined the critical coupling K c , employing Binder's phenomenological renormalization group method [13] .
For the extrapolation of the observables, entering the cumulants, to couplings K other than the simulation coupling K 0 , we used the reweighting formula [15] 
where i labels the configurations generated according to the Boltzmann-weight at K 0 . We computed the statistical errors from Jackknife binning [16] on the final result of the extrapolated cumulants. The extrapolation gives good results only within a small neighbourhood of the simulation coupling K 0 . This range shrinks with increasing volume of the lattice. However, the figs. 1 a)-c) show that the extrapolation performs well in a sufficiently large neighbourhood of the crossings of the cumulants. When one considers the cumulants as functions of the coupling, the crossings of the curves for different L provide an estimate for the critical coupling K c . The results for the crossings are summarized in Table II .
The convergence of the crossings of NN towards K c seems to be slower than that of the fourth-order cumulants, but it is interesting to note that the K cross for the fourth-order cumulant and NN come from different sides with increasing L. This is shown in fig. 2 , where the estimates of K cross versus the lattice size L are plotted. This behaviour we also observed for the 3D XY model [17] . The given errors are calculated with a jackknife procedure. The convergence of the crossing coupling K cross towards K c should follow
where ω is the correction to scaling exponent [18, 13] . We performed a two-parameter fit for the crossings of the cumulants, keeping the exponents fixed to ω = 0.780 and ν = 0.669 [10] , following the above formula. It is important to note that the value of K c does not depend strongly on the value of the exponents. Our final estimate for the critical coupling is K c = 0.81563(3), obtained from the two-parameter fit eq.(3.2) of the fourth-order cumulants. For the cumulant on the sub-block we have to discard the 4 − 8 crossing to obtain a fit with an acceptable χ 2 /dof . The results of the fits are summarized in Table III .
B. Critical amplitudes
At the critical coupling K c the cumulants converge with increasing lattice size L to an universal fixed point. The results of the cumulants at K = 0.81560, 0.81563 and 0.81566, which are our best estimate of the critical coupling and the edges of the error-bar, are given in Table IV .
The convergence rate is given by [13] 
We performed a two-parameter fit with ω = 0.780 [10] being fixed. The results of the fits are given in Table V . We had to discard the data from L = 4 in order to obtain an acceptable χ 2 /dof . The results of the fits are stable when discarding the L = 8 data point. As our final estimates we obtain where we have taken into account the uncertainty of the critical coupling K c . For comparison we give the analogous results for the 3D XY model. A careful reanalysis, taking into account eq.(3.2), leads to a small shift in K c compared to ref. [17] where we quoted K c = 0.45420(2) as final result. This shift of the coupling also implies a slight change in the result for the cumulants. The higher accuracy of the values for the Potts model is due to higher statistics and to a smaller variation of the fit results within the error-bars of the critical coupling.
Note that the accurately determined values of the cumulants of the two models coincide within the error-bars. This fact strongly favours the hypothesis that the two models belong to the same universality class.
C. Critical exponents
We extracted the critical exponent ν of the correlation length from the L dependence of the slope of the fourth-order cumulants and the nearest-neighbour observable at the estimated critical coupling [13] . According to Binder, the scaling relation for the slope of the fourth-order cumulant is given by
We evaluated the slopes of the observables A entering the cumulant U according to
where A is an observable and H is the energy. The statistical errors are calculated from a Jackknife analysis for the value of the slope. First we estimated the exponent ν from different lattices via
The results are given in Table VI and L = 32 results are off by more than three times the error-bars. We also performed a two parameter fit to eq.(3.4). The estimates of the fits are given in Table VII . When we discard the data stemming from the L = 4 and 8 lattices, we get a
smaller then 1. If we take the uncertainty of the critical coupling into account we obtain the following values for the exponent ν:
One has to note that a small
does not mean that errors due to corrections to scaling are negligible. We have seen in the discussion of the cumulants that NN is much more affected by corrections to scaling than the fourth-order cumulant. Hence the result for ν obtained from NN should not be taken too seriously. As our final result, we take the value ν = 0.664(4) obtained from the fourth-order cumulant on the full lattice.
In order to estimate the ratio γ/ν of the critical exponents we studied the scaling behaviour of the magnetic susceptibility defined on the full lattice and on sub-blocks.
The dependence of the susceptibility on the lattice size at the critical point is given by eq.(2.9). We have estimated γ/ν from pairs of lattices with size L 1 , L 2 . The ratio then is given by
Table VIII shows the estimates of the ratio. The estimates for γ/ν obtained from the sub-blocks increase with increasing lattice size L, while those obtained from the full lattice decrease. We also performed a two-parameter fit following eq.(2.9). We could not extract reliable estimates for the ratio from the fits. However, the estimates of γ/ν from χ L and χ L/2 obtained from the largest lattices coincide within the error-bars. Hence we take γ/ν = 1.973(9) obtained from the ratio of χ L of the largest lattices as our final result, where statistical as well as systematic errors should be covered. Using the scaling relation η = 2− γ ν , we obtain for the anomalous dimension η = 0.027(9).
D. Symmetry of the order parameter
In a qualitative fashion we also looked at the symmetry of the order parameter M. In figs. 3 a)−c) we have plotted the probability distribution of M at K = 2.0 on lattices with L = 8, 16 and 32. Fig. 3 b) shows that the probability distribution for L = 16 is strongly peaked at six locations. Three of these peaks are considerably larger than the other ones.
This can be understood as follows. Configurations of minimal energy are reached when on one sub-lattice all spins take the same value while on the other sub-lattice the spins can take any of the other two values [5] . The cluster algorithm easily manages to change the value of the spin on the ordered sub-lattice, while it takes many updates to switch the order from one sub-lattice to the other. For increasing L the peaks become more pronounced and the tunnelling times between the two metastable states increase.
In c) (L = 32) the simulation time (we have plotted 5000 measurements of the order parameter at K = 2.0) was not large enough to see a flip of the ordered state from one sublattice to the other, while for L = 4 the tunnelling time is much smaller than the simulation time.
Figs. 3 d)−e) show the probability distribution of the order parameter on lattices with L = 8, 16 and 32 at K = 0.8157 near the estimate of the critical coupling. In contrast to the situation at low temperature K = 2.0 we could not observe deviations from U(1) invariance at the critical point on any of the considered lattices. Thus the Potts model seems to restore U(1) symmetry at the critical point.
For short range interactions a universality class should be characterized by the dimensionality of the system and the symmetry of the order parameter at criticality [19] . Hence we conclude from the distribution of the order parameter at the critical point of the 3-state Potts model, that this model shares the universality class with the XY model.
E. Performance of the Algorithm
The efficiency of a stochastic algorithm is characterized by the integrated autocorrelation time 8) where the normalized autocorrelation function ρ(t) of an observable A is given by
We calculated the integrated autocorrelation times τ int with a self-consistent truncation window of width 6τ int for the energy density E and the magnetic susceptibility χ for lattices with L = 4 up to L = 64 at the coupling K = 0.8157. Our estimates for the critical dynamical exponents are z E = 0.18(3) and z χ = 0.09(3) taking only statistical errors into account. Note that these exponents are consistent with those found in cluster simulations of the 3D XY model [20, 17] . Finally let us briefly comment on the CPU time. 160 single cluster updates of the 64 3 lattice at the coupling K = 0.8157 plus one measurement of the observables took on average 20 sec CPU time on a IBM RISC 6000-550 workstation. For comparison, 160 single cluster updates of the 64 3 lattice at the coupling K = 0.45417 of the 3D XY model took on average 26 sec CPU time on the same machine [17] . All our MC simulations of the 3D AF Potts model together took about one month of CPU-time on an IBM RISC 6000-590 workstation where the simulations were done.
IV. DISCUSSION OF THE RESULTS
In this section we compare our results with those obtained in previous studies of the 3D AF 3-state Potts model. Furthermore we compare the AF 3-state Potts results with critical exponents and amplitudes obtained for 3D O(N)-vector models. In Table X we display estimates for the critical properties of the 3D AF 3-state Potts model and the 3D XY model.
Our value for K c agrees with the value obtained from the MC study by Wang et al. [7] within the error-bars. However, our error estimate is about 15 times more accurate. The Monte Carlo result for K c given by Hoppe and Hirst [4] is consistent with our value within twice their error estimate, while our error estimate is about 84 times smaller than the error they quote. Yasumura et al. [21] obtained from the high temperature series expansion a result for K c that is about 350 times our error-bar larger than our value. One has to note that they did not extract an estimate of the error.
The estimate for the ratio γ/ν that we obtain is consistent with the one given by Wang et al. [7] . Even taking into account systematic errors, we could reduce the uncertainty by about a factor of 3. Ueno et al. [6] calculated the ratio γ/ν via an interface approach. Their estimate is about 40 times their error-bar smaller than our value, while our error is about 2 times smaller than the one they qoute. Hence we can rule out their result with high confidence.
The ratio γ/ν obtained from a MC study of the 3D XY model by the authors [17] is in excellent agreement with the one obtained in this work for the 3D Potts model. Our value for the ratio γ/ν is also consistent within the error-bars with the value obtained from resummed perturbation series of the 2-component φ 4 theory in 3D by Guillou and Zinn-Justin [9] . Our estimate of ν coincides within the error-bar with the value of the MC study of Wang et al. [7] while our error is about 6 times smaller than their error estimate. The value for ν given by Ueno et al. [6] is about 8 times their error-bar smaller than our value, while our error estimate is about 3 times smaller.
Our estimate for the exponent ν agrees within the error-bars with the one obtain for the 3D XY model in a MC study by the authors [17] . Moreover it is consistent within the quoted error-bars with the estimate obtained by resummed perturbation series of the 2-component φ 4 theory in 3D by Guillou and Zinn-Justin [9] . The most accurate value of ν is obtained in a 4 He experiment by Ahlers and Goldner [22] . Our estimate of ν is consistent with the experimental estimate of ν for 4 He within two times our error estimate. The experimental value is about 3 times more accurate than our result.
In order to judge the relevance of this nice agreement of the exponent ν of the 3D AF 3-state Potts model and the 3D 2-component φ 4 theory, one should note that Landau and Ferrenberg obtained [23] ν = 0.6289(8) in a Monte Carlo study of the 3D Ising model, which is consistent with the resummed perturbation theory result for the 1-component φ 4 theory ν = 0.6300(15) [9] .
The value ν = 0.704(6) obtained in a Monte Carlo study of the 3D O(3) model by Janke and Holm [24] , which can be compared with the 3-component φ 4 theory result ν = 0.705(3) [9] is also clearly inconsistent with the AF 3-state Potts value.
There exists no previous published result for the fourth-order cumulant of the order parameter M . Hence we have to restrict our comparison to results for the 3D XY model and the 2-component φ 4 theory. Our estimate coincides with the one for the 3D XY model [17] [24] is also far off from the 3D AF 3-state Potts result.
V. CONCLUSIONS
In the present work we have applied the single cluster algorithm [14] for the simulation of the 3D AF Potts model. The analysis of the critical dynamical behaviour shows that the algorithm is almost free of critical slowing down. Thus we were able to increase the statistics considerably by extensive use of modern RISC workstations.
The phenomenological RG approach allowed us to determine the critical amplitudes of the model with an accuracy of about 0.1%. From the fit of the crossings of the fourth-order cumulant we obtain for the critical coupling of the model K c = 0.81563(3), which reduces the error of an earlier MC study by a factor of about 15.
The excellent agreement of the universal critical amplitudes and exponents of the 3D AF Potts model with the ones of the 3D XY model strongly favours the supposition that the two models belong to the same universality class.
ACKNOWLEDGMENTS
We would like to thank S. Meyer for stimulating discussions on the subject, and A. Kavalov for a careful reading of the manuscript. The numerical simulations were performed on an IBM RISC 6000 cluster of the Regionales Hochschulrechenzentrum Kaiserslautern (RHRK). One of us (A.G.) expresses his gratitude for the hospitality he enjoyed during a visit to CERN. TABLES   TABLE I . Results of the energy density E, the susceptibility defined on the full lattice (χ L ) and defined on the sub-blocks of size L/2 (χ L/2 ). The data is obtained from simulations at the fixed coupling K 0 = 0.8157 near the final estimate of the critical coupling. τ denotes the integrated autocorrelation time of the specified observable, given in units of the average number of clusters that is needed to cover the volume of the lattice. The statistics are given in terms of N measurements taken every N 0 update steps. 2) with ν = 0.669 and ω = 0.78 being fixed. # gives the number of discarded data points with small L. 
Estimates of U
L K c − ∆K c K c K c + ∆K c # U L C U L χ 2 dof U L C U L χ 2 dof U L C U L χ 2 dof 0Estimates of U L/2 K c − ∆K c K c K c + ∆K c # U L/2 C U L/2 χ 2 dof U L/2 C U L/2 χ 2 dof U L/2 C U L/2Estimates of NN K c − ∆K c K c K c + ∆K c # NN C NN χ 2 dof NN C NN χ 2 dof NN C NN
Estimates of
ν from the data of U L L 1 − L 2 K c − ∆K c K c K c + ∆KEstimates of ν from the data of U L/2 L 1 − L 2 K c − ∆K c K c K c + ∆K
γ/ν from the data of χ L L 1 − L 2 K c − ∆K c K c K c + ∆K c 4-
